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The direct gyroscopic stabiligers used to reduce the rolling of vessels
and to stabilize various unstable objects are also applied as stabilizers
of platforms on ships and on planes. This paper investigates motions of
direct gyroscopic stabilizers of the passive and of the active kind under
the condition of irregular rolling of ships and presents an estimate of
the accuracy of stabilization when the rolling is a stationary random
phenomenon,

1. The passive gyroscopic stabilizer for irregular ship-rolling. The
equations of motion of a passive gyroscopic stabilizer for a rolling
ship are as follows [1 1:

Ae” 4 ma' 4 HY + 1Pa == ab” -+ mb’ (a =—l§— r)

Bp” + Ep' — Ha' + ¥ =0 (1)

Here a is the rotation angle of the gyro-stabilizer’s outer frame
about its axis, 8 is the rotation angle of the gyro-stabilizer’s inner
frame (gyrocamera) about its axis, 0 is the angle of the ship’s roll, 4
and B are the respective moments of inertia, H is the gyroscope’s angular
momentum, = and E are coefficients of viscous friction, [P is the static
moment of the gyro-stabilizer’'s outer frame, x is the rigidity of the
spring connecting the gyro-stabilizer’s inner frame (gyrocamera) with
the outer frame, r is the distance between the center of the ship’s roll
and the axis of the gyro-stabilizer. We shall introduce the following
matrices:
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y*ﬁ gﬁ e(D) = (1.3)

The system of scalar differential equations (1.1) can be replaced by
the matrix equation

f(D)y = e (D) () (1.4)

From Equation (1.4) we obtain

F(D)e(D)

y="Zx@D °W=Y D)o (1.5)

where the matrix F(D) is the adjoint of the matrix f(D)

E 3 H
| D TEPTE Y 1.6
)= H pryp P '
5D 4 A

and A (D) is the determinant of the matrix f(D)

AD = D* 4 (L + L) D3 4 (m® + no® 4 ¢+ [1la) D? + (Game® + Loma®) D -fmi®ns®  (1.7)

Here

P % H? m E
=g, m'=TF, =7, h=77. h=F (1.8)

The quantities n, and n, are the frequencies of free vibrations of the
gyro-stabilizer’s outer frame and of the inner frame (gyrocamersa), re-
spectively, when H = 0, that is, when the gyroscope’s rotor does not
spin, For sufficiently large values of H the frequency of the nutational
vibrations of the system is close to ¢, and the frequency of the pre-
cessional vibrations is close to

(1.9)

VP
= H
It is seen from the Hurwitz condition that all zeros of the polynomial
(1.7) are located in the left halfplane of the complex variable D.

According to (1.5) the matrix transfer function Y(D) has the form

1
Y0 =3

R a H
= —r, p= F) (1.10)
Aceording to (1.5) and (1.10) the angles a and 8 which are the rota-
tion angles of the outer and of the inner frames of the gyro-stabilizer,
respectively, can be determined through the operator expressions

(D? -+ LoD 4 ng?) (a* D2 4 {1D) f
pa*D? - pf1D? l
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1
a=Yu (D)8 ()= Fpy [¢"D* + (G + a’ &) D* + (e + " ne®) D* + Lna?D] 6 (1) (1.19)

1
B=Yu (D)0 () = FHy (0a"D° + oD 0 (1 (1.12)

The variances ;2 and 8 2 of the stabilization angle and of the gyro-
camera’ s rotation angle, respectively, equal

62*:—?% 8 | Yu (io) 2 81 (@) do, B2 = 5= \ | Yau (i0) |28y () do (1.13)

o O — CO

where S$;(w) is the spectral density of the angle of roll which has the
form [ 2]

4pv®
Si()y=1IL (0f = V;;z + 4nt@? (1.14)

Expression (1.13) can be transformed into

of = 4pv2LsTs, B2 = 4puviL Js {1.15)
where
1 ¢ g (iw) 1 o G (iw)
Te=52 & Rio)h(—ia) %0 Je=7g S hGo) k(—iw) 2@ (1:16)
g (iw) = by (i0)1® + b1 ({0} + by (i0) + bs (i©)* + by (i0)? 4 by
G (io) = B, (io)® 4 B1 (i0)® 4 Bs (i0)® 4 Bs (io)* - Bs (i0)? + Bs (1.47)

k(i) = ag (i0)® + a1 (i0)® 4 a5 (i0)* + a3 (i0)® + a4 (i0)? + a5 (i) + as

and the coefficients in the polynomials (1.17) are

bo == 0, bi == a‘z, bg = 2&‘27322 — le -_— a‘zgf

bs = 00" — 20%ne® 4- a®Pngty, by = — Gfngt, B =0 {1.18)
By=10, Bi1=0, By= —p2*?, Bs = p[i%, By =0, Bs =0

a=1, a=2u0+0+

ag = V¥ 20 ({1 A+ Lo) + m® - ne? b g - Ll

as = V2 ({1 + L) + 2p (m® 4 na® + ¢* + Glo) + Limd® + Loma®

as = V2 (m® + no® + ¢ + Lile) + 26 (Lvm® + Loru®) - mlno? (1.19)

as = V2 (L1m? -8 am®) + Zpmtng?

as = Vznlzngz

In the case when all the zeros of the polynomial k(D) are located on
the left halfplane of the complex variable D, then according to Phillips
[3] the integrals (1.16) have the following form:

M* A,It.
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where

m a 0 0 0 O

as as a1 a O 0

as as asg as ay 21}

0 as as as Az Qs (1.21)
ag as as

o
(=
o

and M* and M** are determinants obtained by interchanging in the deter;
minant (1.21) the first column by a column whose elements are bo, bl'
eses bg, oOT Bo, B,, ..., Bg, respectively.

As an example we shall consider a gyroscopic stabilizer whose para-
meters have the following values:

n=1 sec—l, {L1=0.6 sec_,l g=21.2 sec—l

@ =0.306, o=70sec"y no=0.8sec”) [p=0.4 gec}

The parameters determining the spectral density of the angle of
ship’s rolling are taken to be

p =01 sec ! v=08sec}

The variance of the angle of roll is L; = 0.09, the standard [ mean
quadratic] deviation of the angle of roll is § = v Ly = 0.3, that is,
about 18°,

With these numerical data the variances of the stabilization angle
and of the rotation angle of the gyrocamera are, according to (1.15)

a? = 14.1078, B* = 0.13

The standard deviations of the stabilization angle a* and of the rota-
tion angle of the gyrocamera 3* are

a* = 3.73 . 1073 = 12.8’, p* = 0.36 =~ 20.5°

If the values of the parameters do not differ much from the values
used in the above example we can use the following approximate formulas

for standard deviations of the stabilization angle and of the gyrocamera’'s
rotation angle:

1
2uA4B 2
H‘z

-

/ rng? \2 1 t12not
_(\ g ) L1+ G + Y (Lan2® + Czﬂ12)]}

. verda [( rag? )2 2p 4L+ Lo . iy 2pugini®ng? :l
B=—g g E1+ G2 vZ 0 v (Lane? - Lang)

=3
2

(1.22)
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For our example we obtain from Formulas (1.22)

a* = 3.76 - 1078, p* =~ 0.382

2. Active gyroscopic stabilizer for irregular ship’s roll. The equa-
tions of motion of an active gyroscopic stabilizer for ship’s roll are

[4]

AM+m¢+HW+Hw=mW$W"@=%§O
) : , , (2.1)
Bf” — Ha' =M, (M, = Na' — Ef’)

Here a is the rotation angle of the outer frame of the gyro-stabilizer
about its axis, 8 is the rotation angle of the gyrocamera about its axis,
@ is the angle of ship’s roll, A and B are the respective moments of
inertia, H is the angular momentum of the gyroscope, = is the coefficient
of viscous friction, lP is the static moment of the gyro-stabilizer’s
outer frame, r is the distance between the center of roll and the axis
of the gyro-stabilizer’s outer frame, N_ is the moment about the axis of
the gyrocamera exerted by an auxiliary electric motor. This motor is con-
trolled by a gyroscopic tachometer measuring angular velocities of the
gyro-stabilizer’ s outer frame.

Introducing matrices
o H

Dy D4 =D
f(DY= HLN . E 2.2)
——5 P D+mh
a A A
v=|al (D)= . @)

where D = d/dt, we replace the scalar system of differential equations
(2.1) by the matrix differential equation

fD)y=1e(D)0 () (2.4)

From Equation (2.4) we obtain
F(D)e(D)

y=—x ) 6y=Y (D)0 () 2.5)
where F(D) is the adjoint matrix of f(D)
E H
LF-+-2T.D —————1)
p—3 2-
FD=| oo n . P (2.6)
B D +— D~% 3

and A (D) is the determinant of the matrix f(D)
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A (D) = D A (D) @.7)
Ay (D) = D? + (& + &) D* + (Gale + 7 + ¢°) D + Len®

Here
P . H(H 4 N) m E

m=—g., ¢=—"jgp . bh=7, k=F 2.8)
It follows from the Hurwitz condition that all the zeros of the AI(D)
polynomial are located on the left halfplane of the complex variable D.

According to (2.5) the matrix transfer function Y(D) of the system has
the form

1
Y (D) = A DY

i a*D® + (L1 + Lea®) D® + LileD [« @ +
pa*D? f{-— pl1D ? H &a =4 PT —B——> 2.9)

According to (2.5) and (2.9) the rotation angles of the gyrostabilizer
a and of the gyrocamera 3 are

1
a=Yu (D) () =5y [0°D° + (& + Lea®) D+ L&aD1 0 () (2.10)
1
B = Yu (D)(t) = 0) p(a"D? + oliD) 8 (1) (2.11)

Variances of the stabilization angle ;2

tion angle B2 are

and of the gyrocamera’s rota-

o oo

— 1 — 1

a? = o 8 | Yu (io) 251 (0) do, 2 = S i | Yo (iw |2 81 (0)do  (2.12)
oo ~oo

where S;(w) is the spectral density of the angle of roll 0, which,
according to (1.14), has the form

4pv?
S1(0) = Iy (@ —V?)? + 4pie?

Expression (2.12) can be transformed into

@ = 4uv?aTs, B2 = 4uviaJs (2.13)
where
17 (i©) 1 ¢ Glo)
g (io iw
L=5r \ Tk do o \ ok —w) @ @19
g (i) = by (iw)® + by (i0)® + by (i0)* + bs (ie)* + b
G (iw) = By (iw)® -+ By (i) + By (i0)* -+ Bs (io) + Ba (2.15)

k(i) = ap (i0)® + a1 (io)t 4+ a (0¥ + as (i0)* 4 a1 (ie) + a5

and the coefficients of the polynomials (2.15) are
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by = 0, by = —a*2, s = 02 4 Gla?, by = —[1%, 2, by =0 (.16
By=0, Bi=0, By=p%"  Bs=—ph’ Byi=0 Y
@w=1, a=2x4+h+E
= 9 4 v2 2 g?
ap = 2 A0 Go) + Gala + V2 + 0P - g (2.17)

as = 2u (Ll -+ 2% 4 g% + V2 (L1 + L) + Len®
as = V¥ (Galy 4 7® -+ ¢%) + 2uLen?, as = [on™?

According to Phillips [3 ] the integrals (2.14) have the following
form:

que Ms‘*
Is= g5 Js = aon (2.18)

where

Mp* = agh; (asas — asas) 4 agby (@oas — aras) 4 aghs (aras — apaa)
Ms** = aoBs (apas — aias) + aoB3 (a1as — apas) (2.19)

As = a?as® — 2apa104a5 — @pa2a3as - apas’aq 4 arlas® - a1e.las — a10sa300

According to (2.13) and (2.18) standard deviations of the stabiliza-
tion angle of the gyrocamera’s rotation angle are

a¥ =

/—4}LV2L11}‘{5 - . ] 4}L’\72L14’J‘f5*iﬁ (2 20}

ZC’DAs ' B = 2a0A5
As an example we shall examine a gyroscopic stabilizer, whose para-
meters have the following values:

A = 50kgm snec2 B == 0.04 kgm sec2 H = 30 kgm sec

IP=50kem, r=3m N =60kgm sec, {1 = { = 0.6 sec”

Further, according to (2.2), (2.8), and (2.10)

¢t = 1350sec” %, o = 15.3 kgm sec?

n=1 sec‘"l,
a* =0.306, p = 2250sec”}

The parameters determining the spectral density of the roll will be
taken as

1 1

p == 0.1sec v=10.8 sec”

The variance of the angle of roll is Ll = 0.09, the standard devia-

tion of the angle of roll is B%=+/ L, = 0.3, that is, approximately 18°.
For these numerical data the variances of the stabilization angle ;2

and of the gyrocamera's rotation angle Bz are, according to (2.13)

a? = 0.66.1078, g2 = 0.106
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The standard deviations of the stabilization angle and of the gyro-
camera’'s rotation angle are

a* = 0.81-1073 = 2.8/, p* = 0.324 = 18.5°

Let us mention that if the values of the parameters do not differ
greatly from those used in our example we can use the following approxi-
mate formulas for standard deviations of the stabilization angle and of
the gyrocamera’s rotation angle:

. ve'ra? 2uA4B , A f(r‘n_l 22U+ G +C, 0P .21
*E Ty H (H + N) (81 + &) B="7 1/ g> 1+ Ge v? )
In our example Formula (2.21) gives
a* =~ 0.82.1073, p* = 0.328

which agrees very well with the values obtained from the exact formula.
The approximate formulas (2.21) enable us to estimate the influence of
each parameter separately.

Comparing Formula (2.21) with (1.22) we notice that as far as the
accuracy of stabilization is concerned, the active gyro-stabilizers have
considerable advantage over the passive ones.
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